The local yield maps for the identification of the yield initiation positions of hard coating on three-dimensional (3D) elastic half space under sliding contact were developed. In this study, the semi-analytical method (SAM), which is based on the conjugate gradient method (CGM) and the discrete convolution and fast Fourier transform (DC-FFT) technique, was employed to analyze the contact problem. By using this method, the von Mises stress distributions for various combinations of coating thicknesses, friction coefficients, and elastic moduli of the coating and substrate were calculated. Then, the positions of yield initiation were found with the calculated results by comparing the critical maximum contact pressure P max,c for von Mises yielding at or in the different positions (surface, coating, interface, and substrate), and the 3D-local yield maps were introduced in relation to the yield strength ratio of the coating to the substrate (Y f /Y b ) and the ratio of the coating thickness to the Hertzian contact radius (t/a 0 ). Finally, the effect of critical friction coefficient on the transition of yielding positions was discussed.
Introduction
The progress of coating technology is the reason for the wide employment of hard coatings to improve the tribological properties of contact surfaces. For many industrial applications, hard coatings can significantly offer a low friction coefficient, enhanced counterpart protection, high wear resistance, and corrosion resistance [1] [2] [3] [4] [5] . From the view of the engineering application of hard coating, it is well known that fractures in the coating (cohesive failure) or delamination and spalling (adhesive failure) at the interface between coating and substrate are the weak points of the hard coating in use [6] [7] [8] [9] [10] . In many cases, micro-cracks exist at the surface and interface in thin coatings, and large cracks are propagated from there. But interfacial cracks are more likely to be initiated in thinner coatings as a result of mismatch of the coating and the substrate properties and are due to the location of maximum shear stress at the coating-substrate interface [11] [12] [13] [14] [15] . Recently, Zhou et al. [16] studied the spalling wear behavior of hard coatings, and they showed that the spalling wear particle depends on the depths of pre-existing cracks, the positions of the cracks relative to major surface asperities, and loading conditions. Thus, the critical contact condition for the propagation of a crack becomes the main concern in the design of coating. For this purpose, it is the first approach to know the critical contact condition for the local yield initiation through the stress distribution in the contact region. Therefore, it is quite important to find and control the yielding initiation to prevent the delamination or the spalling.
In layered contact problems, the calculations of von Mises stress distributions are essential for the studies of the plastic flow, crack, or delamination. Nowell and Hills [17] investigated elastic contact between the cylinder and a rigid frictionless substrate under normal and tangential loads, but their investigations were limited to the line contact problem. O'Sullivan and King [18] analyzed 3D quasi-static stress states by using the least-squares approach and determined the distributions of von Mises stresses in the coating and substrate. It was found that the position of the maximum von Mises stress depends on the stiffness of the coating relative to the substrate, the ratio of coating thickness to contact radius, and the value of the coefficient of friction. Komvopoulos et al. [19] [20] [21] studied the elastic contact problem of a layered semi-infinite solid compressed by a rigid surface with the finite element method (FEM) numerically. They also solved the elasticplastic contact problem in a similar situation, showing that yielding in the layered medium always initiates at the coating-substrate interface below the center of the contact, and the plastic zone does not grow toward the surface of the indented layered medium but is restricted to the boundary of the hard coating and the substrate. Plumet and Dubourg [22] presented a numerical 3D contact model between the elastic multilayered body and rigid body to guide choice among coating/substrate combinations that can withstand the applied loads. This model was able to solve the contact problem under partial slip, rolling/sliding contact conditions and to determine the subsurface stress field. Stephens et al. [23] investigated the initial yielding behavior of a coating/functionally graded substrate system under indentation and friction, and their results clearly showed distinct benefits by a functional gradient in yield strength and/or in elastic modulus of the substrate to the reliability of coated systems. Failure mechanisms of the substrate and coating composite were studied in Michler and Blank's paper [24] through a parametric elastic-plastic finite element analysis (FEA) for the common load case of the indentation of spherical bodies into a layered surface considering a wide range of coating thicknesses. Their results were summarized in normalized failure maps, from which the optimal coating thickness for the special load case of a spherical indentor can be estimated. Holmberg et al. [25] developed a 3D-FEM model to present a tribological analysis of deformations and stresses generated and their influences on crack generation and fracture in a layered surface loaded by a sliding sphere in dry conditions. In recent years, a number of researchers have also applied the boundary element method (BEM) [26, 27] and the semi-analytical method to analyze cracks numerically in layered elastic solids [28] . Furthermore, the conjugate gradient method (CGM) [29, 30] and the discrete convolution and fast Fourier transform technique [31] were utilized to reduce the computing time for solving contact problems. By using CGM and DC-FFT techniques, Boucly et al. [32] studied contact analyses for bodies with frictional heating and plastic behavior, Wang et al. [33] investigated the partial slip contact problem on three-dimensional layered materials, and Chen et al. [34] studied the elasto-plastic indentation on layered materials using the equivalent inclusion method and given the yielding and plastic zone expansion behavior. On the other hand, Diao et al. [35] [36] [37] [38] proposed the two-dimensional (2D) local yield map for the indentation and friction of a coating-substrate system under sliding contact, whose study showed clearly that the ratio of the yield strength of the coating to the substrate, the ratio of the coating thickness to the Hertzian contact radius, and the friction coefficient play an important role in controlling the position of yielding. However, to our best knowledge, the local yield map of hard coating under both normal and tangential loads on three-dimensional elastic half space has not been developed in the open literatures.
Thus, the purpose of this paper is to develop the 3D-local yield maps of hard coating under sliding contact on elastic half space. In this study, a SAM, which is based on the CGM and DC-FFT techniques, was employed to analyze the contact problem in this tribosystem. By using this method, the von Mises stress distributions for various combinations of coating thicknesses, friction coefficients, and elastic modulus of the coating and substrate were calculated. According to the results of simulation, the positions of yield were found. Moreover, 3D-local yield maps were plotted as a similar way from those of the 2D-local yield maps [35, 36] , which is related to the yield strength ratio of the coating to the substrate (Y f /Y b ) and the radio of the coating thickness to the Hertzian contact radius (t/a 0 ).
Three-Dimensional Elastic Contact Model
The current model, as shown in Fig. 1 , is used to analyze the sliding contact between a rigid ball and a smooth flat with a layer of coating. The coating is perfectly bonded to an elastic substrate, and it has a uniform thickness t. Normal load W and tangential forces F x are both applied on the rigid ball. The direction of surface tractions corresponds to that of traction applied on the half space. The contact initially takes place at the origin point. In the figure, a denotes the actual radius of the contact zone. In the coordinate system shown in Fig. 1 , the surface of coating and the interface between coating and substrate are defined as z ¼ 0 and z ¼ t, respectively.
The calculation parameters are given in Table 1 . Normal load was fixed and tangential load F x was increased with the friction coefficient l changed from 0.00 to 0.70. A representative combination for the hard coating given by the Young's modulus value E f of coating 420 GPa, and the Young's modulus value E b of substrate 210 GPa, was selected. So the Young's modulus ratio of the coating to the substrate was kept constant at two for simulating the ceramic coating layered metal substrate in practice. Poisson's ratio was taken as 0.3 for both the coating and substrate. P 0 and a 0 are the maximum Hertzian contact pressure and Hertzian contact radius with uncoated condition, respectively. The value of t/a 0 was changed from 0.125 to 4.0. The computational domain was specified as À2a 0 < x < 2a 0 , À2a 0 < y < 2a 0 , and 0 < z < 8a 0 . In the following analysis, the stresses were normalized by P 0 , and the coordinates were normalized by a 0 .
This contact problem in the model above was solved by using a SAM, in which CGM and DC-FFT techniques were employed to increase the solution speed. Wang, one of the authors for this paper, has given a detailed description of this method in the previous study [33] . In this paper, we applied the method to obtain the results of the von Mises stresses in a hard coating under normal and tangential loads and discussed plotting the 3D-local yield maps under different conditions with various material properties and coating thicknesses. =P 0 , where J 2 is the second invariant of the stress deviator tensor [18] . First, the elastic properties of the coating and substrate were the same. The contours of the dimensionless von Mises stress in the plane y ¼ 0, calculated from the sliding contact model with different friction coefficients from 0.00 to 0.70, are plotted in Fig. 2 . In the case of l ¼ 0.00, as shown in Fig. 2(a) , the maximum von Mises stress is 0.362, which has the small difference of 0.968% compared with the result in O'Sullivan and King's investigation (see Ref. [18] ). Similar small differences can be obtained when l ¼ 0.25 or l ¼ 0.50. Despite some differences, our results are in good agreement with the Ref. [33] . Under the condition of non-layered status, the results show that the position of the maximum von Mises stress is located below the surface or contact center for relatively low friction. When the friction coefficient is increased (see Figs. 2(c)-2(d)), the maximum von Mises stress appears on the contact surface.
Then, we focused on the sliding contact of hard coatings. Figures 3-4 show the contour plots of the von Mises stress ffiffiffiffi ffi J 2 p =P 0 in the y ¼ 0 plane for l ¼ 0.00 and l ¼ 0.25 but with different coating thicknesses. For l ¼ 0.25, in the case of t ¼ 0.125a 0 , the maximum von Mises stress occurs at the surface of the coating. For t ¼ 0.5a 0 , the maximum stress with a mild discontinuity occurs at the interface. And if the coating thickness is increased from t ¼ a 0 to t ¼ 2a 0 , it can be seen clearly that the position of the maximum stress moves upward in the coating. When the friction coefficient is increased, as shown in Figs. 5-6, the maximum von Mises stress is always located at the surface. 
Here, w Y (x, 0, z) is the ratio of maximum von Mises stress to maximum Hertzian contact pressure r vm,max /P 0 , and Y(x, 0, z) is the Fig. 1 The model of a rigid ball and a layered substrate in sliding contact The relationship between r vm,max /P 0 and t/a 0 for several friction coefficient l values is shown in Fig. 7 , where w s , w f , w i , and w b are the values of w Y (x, 0, z) at the surface, in the coating, at the interface, and in the substrate, respectively. As can be seen in Fig. 7(b) , the values of w s , w f , w i , and w b keep a complicated manner depending on the value of t/a 0 . When t/a 0 is smaller than 0.5, the value of r vm.max /P 0 at the surface is larger than any others. If the value of t/a 0 is increased from 0.5, the value of r vm.max /P 0 in the coating is always larger than that at the surface, and the value of r vm.max /P 0 at the interface is always larger than in the substrate. When the friction coefficient becomes larger, as shown in Figs. 7(c)-7(d), the maximum value no longer appears in the coating, the value of r vm,max /P 0 at the surface is the largest of all while the value of that in the substrate is the smallest.
By substituting values of w s , w f , w i , and w b at a certain value of t/a 0 in Fig. 7 and the yield strength corresponding to these values of w Y (x, 0, z) in the y ¼ 0 plane into Eq. (1) respectively, the smallest value of P max,c and the position for yielding under the given friction coefficient can be found. The positions of yield initiation were decided in this way for the given coating thicknesses and friction conditions.
As shown in Figs. 8-9 , the positions of yield initiation were investigated for the case l ¼ 0.00, l ¼ 0.25, l ¼ 0.50, and For non-surface friction or relatively low friction, as shown in Figs. 8(a) and 8(b) , the yield in the coating dominates in all cases when t/a 0 is greater than three. Moreover, the yield in the substrate dominates in almost all cases of Y f /Y b when t/a 0 is smaller than about 0.25, which is consistent with the results in 2D-local yield maps (see Refs. [35, 36] ). However, if the value of t/a 0 is smaller than 0.25 and the friction coefficient is 0.25, the yield will occur at the surface as we move the value of Y f /Y b from 1 to 1.25 (see Fig. 8(b) ). This is because the relatively thin hard coating brings a high stress arising at the surface (see Fig. 7(b) ). Note that this phenomenon will not appear for relatively low friction coefficients in 2D-local yield maps. As shown in Figs. 8(b) and 9(a) , if the friction coefficient is increased from 0.25 to 0.50, the possibility of surface yield increases while the yield in the coating and substrate decreases, and finally the yield in the coating and substrate disappears (see Fig. 9(a) ). In addition, the value of t/a 0 is over 2.0, local yield appears at the surface under a wide variety of Y f /Y b values, and the yield at the interface dominates as the value of t/a 0 is smaller than about 1 for most cases of Y f /Y b (see Figs. 9(a) and 9(b)). Also, the 3D-local yield maps show that the yield at the coating-substrate interface disappears when t/a 0 is greater than about 2.5, which is quite different with those from 2D-local yield maps. It may be generally concluded from Figs. 8-9 that if the friction coefficient is increased from 0.50 to 0.70 and the value of t/a 0 is over 2.5, the possibility of yield at the surface dominates instead of in the coating. However, if the friction coefficient is smaller than 0.25, the yield in the coating or in the substrate will occur.
Discussion
According to 3D-local yield maps, the interface and the surface are two main possible sites for local yield initiation under various frictional conditions, which agrees with our preceding research results [35, 36] . Therefore, the initial defects such as micro-cracks at the interface and the surface become important as stress concentration sources which lead to wear. In the real tribosystem with layered elements, either the interface or the surface should be treated more carefully to avoid the crack propagation. So it is necessary to evaluate the critical maximum contact pressure P max,c for the yield at the interface and surface.
Figures 10(a) and 10(b) show the results of P max,c . Here, H b is the hardness of the substrate, H f is the hardness of the coating, and H b ¼ 3Y b and H f ¼ 3Y f are assumed. It should be emphasized that the hardness of substrate and coating is easier to measure than yield strength, and Y f /Y b ¼ H f /H b is widely accepted in practical application. Therefore, the hardness of substrate and coating to normalize P max,c was used and H b ¼ 3Y b , H f ¼ 3Y f were selected as a representative combination for the hard coating. According to these two figures and Eq. (1), we can control the occurrence of the yield at the interface and the surface. At the same time, if the yield occurrence at the interface or at the surface can be controlled, then the crack initiation there should be prevented. It can be summarized from Fig. 10 and our previous studies [35, 36] that (1) to obtain a higher maximum critical contact pressure for the yield at the interface, increasing the substrate hardness H b and the ratio value of the coating thickness to the Hertzian contact radius t/a 0 is more effective than the friction coefficient l when t/a 0 is larger than 0.5; and (2) to prevent yielding at the surface, choosing a relatively lower friction system or increasing the yield strength ratio of the coating to the substrate (Y f /Y b ) is effective.
It should be pointed out that we have done similar work in obtaining 3D-local yield maps of hard coating for 1 < E f /E b 8, and the results were in agreement with those shown in our paper. The only difference is that the size of the yield zone. This shows that 3D-local yield maps of hard coating for E f /E b ¼ 2 is practical.
For example, when 1 < E f /E b < 2, four yield zones are still kept in Fig. 8(b) , although the size of the surface yield zone becomes smaller.
It should be also pointed out that in this paper we emphasized the cases of l ¼ 0.00, 0.25, 0.50, and l ¼ 0.70 for a group of representative data. For 3D-local yield maps of 0 < l < 1, we give the idea for discussing the effect of critical friction coefficient on the initiation of the yield zone, especially, the transition among local yield maps shown in Figs. 8(a), 8(b) , 9(a), and 9(b). Figure 11 (a) shows the relationship between the normalized critical maximum contact pressure P max,c /H b for the yield and the friction coefficient l. It should be pointed out that the yield will appear firstly from the position where the minimum P max,c /H b Fig. 11(a) , when the friction coefficient is lower than 0.226, the yield will initiate in the substrate (see Fig. 8(a) ) while, when the friction coefficient is higher, the yield will initiate at the surface (see Figs. 8(b) and  9(a) ). This means that, for the yield strength ratio of the coating to the substrate 1.125, the yield at the surface only initiates when the friction coefficient is larger than 0.226. This result will also verify the validity of the local yield map with a yielding at the surface under a low friction coefficient like 0.25 (see Fig. 8(b) ). It is also interesting to discuss the transition of yielding positions from the substrate to the interface (see Figs. 8(b) and 9(a)) and when the yield in the substrate disappears from low friction to high friction (see Fig. 9(a) ). As shown in Fig. 11(b) , the relationship between the P max,c /H b and the friction coefficient l is presented. It is clear that yield will initiate in the substrate when the friction coefficient is lower than 0.334 (see Figs. 8(a) and 8(b) ). But, once the friction coefficient is over that, the local yield initiation at the interface will dominate (see Fig. 9(a) ). So it can be concluded that there must be a critical friction coefficient when local yield initiates from in the substrate to at the surface (see Fig. 11(a) ) or from in the substrate to at the interface (see Fig. 11(b) ), which leads to a gradual change instead of instant change between two local yield initiation states.
Conclusion
The yield of a three-dimensional substrate with a hard coating under sliding contact was solved, and the von Mises stress distributions in a hard coating for various combinations of coating thicknesses, friction coefficients, and elastic moduli of the coating and substrate were calculated. The positions of yield were found with the calculated results and the 3D-local yield maps were introduced in relation to the yield strength ratio of the coating to the substrate Y f /Y b and the ratio of the coating thickness to Hertzian contact radius t/a 0 . Based on the presented results and discussions, the following conclusions can be drawn.
(1) 3D-local yield maps, which can be used to study and understand the yielding behavior of the hard coating intuitively and efficiently, is more exact and reliable than 2D-local yield maps. (2) The positions of local yield initiation depend mainly on the friction coefficient in a coating-substrate system. When the friction coefficient is smaller than 0.25, the possibility of yield is below the surface. As the friction coefficient increased from 0.50 to 0.70, the position of yield is located at the surface or at the interface, especially in the case of friction coefficient 0.25 where a smaller zone with a yielding at the surface was found. 
